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Abstract
For a fixed positive integern, we say a ring with identity is n-generalized right
principally quasi-Baer, if for any principal right ideal |1 of R, theright annihilator of 1" is
generated by an idempotent. This class of rings includes the right principally quasi-Baer
rings and hence all prime rings. A certain n-generalized principally quasi-Baer subring of
the matrix ring M, (R) are studied, and connections to related classes of rings (e.g., p.q-

Baer rings and n-generalized p.p. rings) are considered”.

1. Introduction and Preliminaries

Throughout dl rings are assumed to be associative with identity. From [12, 21], a
rng R is (quas-)Beer if the right annihilator of any (right idedl) nonempty subset of R
is generated, as a right ided, by an idempotent. Moreover, in [12] Clark proved the left-
right symmetry of this condition. He uses this condition to characterize when a finite
dimensond dgebra with unity over an adgebracdly cosed filed is isomorphic to a
twised matrix units semigroup agebra The class of quas-Baer rings is a nontrivid
generdization of the class of Baer rings. Every prime ring is quas-Baer, hence prime
rings with nonzero right sngular idedl are quas-Baer; but not Bagr [24]. For a postive
integern > 1, the nxn matrix ring over a non-Prifer commutative domain is a prime
quasi-Baer ring which is not a Baer ring by [27] and [21, p.17]. The n xn (n > 1) upper

triangular marix ring over a domain which is not a divison ring is ques-Baer but not
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Bagr by an example due to Cohn; see [1], [20] and [5]. The theory of Baer and quas-
Baer rings has come to play an important role and mgor contributions have been made
in recent years by a number of authors, including Birkenmeer, Chaiters, Khuri, Kim,
Hirano and Park (see, for example[1], [4-7], [16], [21], [26] and [28]).

A ring satisfying a generdization of Rickart’s condition [30] (.e., right annihilator of
any dement is generated (as a right ided) by an idempotent) has a homologica
characterization as a right p.p.-ring. A ring R is cdled a right (resp. left) p.p.-ring if
every principa right (rep. left) ided is projective. Ris cdled a p.p.-ring (dso cdled a
Rickat ring [2, p.18]), if it is both right and left p.p.-ring. In [9] Chase shows the
concept of p.p.-ring is not left-rignt symmetric. Smal [30] shows that a right p.p.-ring
R is Baer (so p.p), when R is orthogondly finite. Also it is shown by Endo [13] that a
right p.p.-ring R is pp when R is abdian (i.e, every idempotent is centrd). Findly
Chatters and Xue [11] prove that in a duo (i.e., every one sSded ided is two sided) p.p.-
rngr, if 1 is a finitdy generated right projective ided ofR, then 1 is left projective
and a direct summand of an invetible ided. Following Birkenmeier & d. [7], Ris
cdled right principally quasi-Baer (or smply right p.q.-Baer), if the right annihilator of
a principd right ided is generated by an idempotent. Equivdently, Ris right p.q.-Baer
if R modulo the right annihilator of any principd right ided is projective. Similarly, left
p.g.-Baer rings can be defined. If R is both right and Ieft p.q.-Baer, then it is caled p.g.-
Baer. The class of p.g.-Baer rings includes dl biregular rings, dl quas-Baer rings, and
al abdian p.p.-rings A ring R issaid to be p —regular, if for every x € R there exigts
a naiurd numbern, depending onx, such thatx" ¢ x"Rx". A ring R is cdled a
generalized right p.p.-ring if for ayx € R the right ided x"R is projective for some
postive integern, depending onx, or equivdently, if for any x € R the right annihilator
of x" is generated by an idempotent for some postive integern, depending onx . A ring
iscdled generalized p.p.-ring, if it is both generdized right and left p.p.-ring.

Note that Von Neumann regular rings are right (left) p.p.-rings by Goodearl [14,
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Theorem 1.1], and a same argument as [14, Theorem 1.1] showsthat p — regular rings
are generdized p.p.-rings. Right p.p.-rings are generdized right p.p obvioudy. See [18]

for more details.

Definition 1.1. Given afixed positive integern , we say aring R is n-generalized right
principally quasi Baer (or ngeneralized right p.q.-Baer), if for all principal right ideal
I of R, the right annihilator of 1" is generated by an idempotent. Left cases may be
defined analogously.

The class of n-generalized right p.q.-Baer rings includes all right p.g.-Baer rings,
(and hence all biregular rings, quasi-Baer rings, abelian p.p.-rings and semicommutative
(i.e, if r(x) isan ideal for all x € R) generalized p.p rings). Theorem 2.1 in section 2,
allows us to construct examples of ngeneralized p.q.- Baer rings that are not p.q.-Baer.
Some conditions on the equivalence of ngeneralized p.q.-Baer and ngeneralized p.p.-
rings are discussed. However, we show by examples that the class of n-generalized p.q.-
Baer rings properly extends the aforementioned classes.

In this paper, we discuss some type of matrix rings formed over p.q.-Baer or p.p.
rings. We study n-generalized p.q.-Baer subrings of the matrix ringM,(R). Theorem 2.2,
enables us to generate examples of n-generalized p.q.-Baer subrings of the matrix
ringM,(R) . Theorem 2.2, which extends [18, Proposition 6], enables us to provide more
examples of matrix rings, that are both ngeneralized p.q.-Baer and ngeneralized p.p.-
ring. Connections to related classes of rings are investigated. Although the class of n
generalized p.q.-Baer rings, includes all p.q.-Baer rings (and hence, all biregular rings,
and all abelian p.p. rings), however we show by examples that the class of n-generalized
p.g.-Baer rings properly extends the aforementioned classes.

Note that, for a reduced ring (which has no nonzero nilpotent elements), we
havelg Rx) = R((RX)") = k(x") = k(X) = R(KX) = RE") = RIKR)") = RKR), for ewery
x € R and every positive integer n . Therefore reduced rings are semicommutative and

semicommutative rings are abelian. Also for reduced rings the definitions of right p.q.-
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Baer, n-generalized right p.g.-Baer, generdized p.p. and p.p.-ring are coincide. This
leads one ask whether commutative reduced rings are n-generalized p.g-Baer. However,

the answer is negative by the following.

Example 1.2. Let p beaprime number andR = {(@@,b) € ZD Z |a =b (modp)}, thenR is
a commutative reduced ring. Note that the only idempotents of R are(0,0)and (1,1). One
can show that ry ((p,0)R) = (0,p)R, DV 1z((p,0)R)dose not contain a nonzero idempotent of

R ; and hence R is not n-generalized right quasi-Baer, for any positive integern .

Lemmal.3. LetR bean abelian n -generalized right p.q.-Baer ring, then rr(1I") = rk(1™)
for every principal right ideal 1 of R and each positive integer m withn <m.

Proof. It is enough to show that r, (I") = k(1" . Letx e rg(1" 1), then Ix Crr(1™) = R

for some idempotent f € R. Hencel"x = I1"xf = 0. Thusx e rr(1").

2. N-generalized right principally quasi Baer subrings of the matrix rings
In this section we discuss some type of matrix rings formed over p.g.-Baer or p.p.
rings. Theorem 2.3, which extends [18, Proposition 6], enables us to provide more
examples of matrix rings that are both rgeneraized p.g.-Baer and ngeneralized p.p.-
ring. We begin with Theorem 2.2 below, which enables us to generate examples of i
generalized p.q.-Baer subrings of the matrix ringM,(R):

Lemma 2.1[18, Lemma?2]. Let R be an abelian ring and define

a ap - Ay
0 a -+ Ao

Sn=ql: : - . |'a& €Ry,
0 0 a

with n apositive integer > 2. Then every idempotent in s, isof the form
f 0.0

, _|with 2 = f R
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We will use s,, Throughout the remainder of the paper, to denote the ring indicated

inLemma2.1.

Theorem 2.2. If R isan abelian p.q.-Baer ring and n (> 2) is a pogtive integer, then

S, isan n-generalized right p.q.-Baer ring.

Proof. We proceed by induction onn . It is easy to show that s, isaZ2-generalized right
p.g.-Baer ring. Let 1, be aprincipal right ideal ofs,. Consideri, ;; ={B €S, , [Bis
obtained by deleting n-th row and n-th column of a matrix ini,}, and
I, ={B €S, , |B isobtained by deleting 1-th row and 1 -th column of a matrix in
In}. Itisclear that 1, ,, and 1, ,, are principa right ideals ofs,_;. By induction
hypothesis and Lemma 2.1(fi there ar@|e? =e; € S, 1, f2=f ¢ R for i=12 such
thatrs, (17 °1) =&Sy 1, & = (:) f' ? . Let J be the set of entries of the main
diagonal of the elements of I(.a,l:D OJ'..lnj.ll#. It is clear that J is a principa right ideal

of R. Since R isright p.q.-Baer,rr(3) = R = f,R. Hencef, = f,, Since R isan abelian

ring. Now let
X X2 0 X 8283 ---8p Y12 o Yin
0 X - Xn 0 Az --an Yan
X=1]. . . . |erg(y)adyY = : : . . ely
0O 0O .- X 0 0 <o aaAg--a,

Sincers, (I071) =15, (I071,) =eS, 1, x adx;; 'sarein ;R foreach i and j
exceptxy, . Sowe haveaja; ---anxy, + yimx = 0. Henceyy,x = 0, sincef, € B(R). Thus

xin € iR and hence r;_(17) C eS, for

f, 0 - 0)
0 f, - 0|

o EEEER A
0 0 - fIJ

Since, for eachy < I.e, al entries of the main diagona of Y arezeroand e iscentrad,
Ine = (1,e)" = 0. Thusrs (1) =eS, . Therefore s, is n -generalized right p.g.-Baer.

The following result, which generalizes [18, Proposition 6], provides examples of
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matrix rings that are both n-generalized p.q.-Baer and n-generalized p.p.-ring:

Theorem2.3. If R isan abelian p.p.-ring, then s, isan abelian n -generalized p.p.-ring.

Proof. We prove by induction onn . First, we show that the trivial extension s, of R is

b
2-generalized right p.p. Let A = [Z a] €S, and rr(@) =eR, withe =e? cR. It is clear

Xy

e 0
that, ﬂ?CrSZW)Withfz[O e]. Next, let AZ[O '

]:0. Since R is reduced,

Xy Xy
a’x =ax = 0ada’y =ay =0. Hence ex =xand y =ey. Thus 0 x)f|0 x]'
\

a a12 aln
, : . a - an
Therefore s, is 2-generalized right p.p. Now assume B=|. . . . |€S,.
0 O a
a a12 alnfl a a23 a2n
. 0 a o8y 0 a e 8y .
Consider B, =|. . . . and B,=|. . . .| ins,_;, then by the
0 O a 0 O a

induction hypothesis, there existse? =e; €S, 1, = fi ¢ R,such thatrs, (B ) =¢S,_1,

fi 0 - 0)

0§ 0 | | |
& =|. . . :‘forizl,z.By direct calculations, we have r;, B*2?)=eS, with

0o 0 - fiJ

£ 0 ... 0)

0 . 0 _
e=|. . . .| .Sincer(@)=fR,by[27, Lemma3],rs, B") =rs,(B*" %) =S, .

00 f

Corollary 2.4 [18, Proposition 6]. If R is a domain, then s, is an abelian n-
generalized p.p.-ring.
For a semicommuitative ring, the definitions of n -generalized right p.q.-Baer and n -

generalized right p.p. are coincide:

Proposition 2.5. Let R be a semicommutative ring. Then R is n-generaized right

p.g.-Baer if and only if R is n-generalized right p.p.
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Proof. Let R be n-generalized right p.q.-Bagr anda < R. Then rr(@R)" =eR for some
idempotente ¢ R. Letx e rr@"). Since R is semicommutative, RaRx C rr@" 1), which
implies that rr @R)" = eR . The converseis similar.

There exists an n-generalized right p.g.-Baer ring, which is generalized p.p.-ring but

IS not semicommutative.

Example 2.6. Le¢ R be an integral domain and S, be defined overrR. Then s, is
abelian 4 -generdized p.p.-ring and is 4-generalized p.g.-Baer by Corollary 2.4. By
considering b =a =epp + ey +e3 A ¢ =ex INS,, Where ¢; denote the matrix units,
we haveab = 0, andacb = 0, henceaS,b = 0.

Now we conjecture that subrings of rrgeneralized right p.g.-Baer rings are also n

generaized right p.q.-Baer. But the answer is negative by the following.

Example 2.7. For afiddF ,take F, = F for n=12..., andlet S bethe 2 x2 matrix
ring over the ringIis2,F, . By [7, Proposition 2.1 and Theorem 2.2] we havethat S isa

p.g.-Baer ring. Let
Hnoc‘:an @noo:an
oy R < @il
which is a subring ofs, where < > | F,,1> isthe F-agebragenerated by @7, F,
and 1. Then by [7, Example 1.6], Ris semiprime p.p which is neither right p.q.-Baer
(and hence not n-generalized right p.g.-Baer), nor left p.g.-Baer (and hence not n-

generalized left p.q.-Baer).

3. Examples of n-generalized p.q.-Baer subrings
Although the class of n-generalized p.q.-Baer rings, includes all p.g.-Baer rings (and
hence, all biregular rings, all quasi-Baer rings, and all abelian p.p. rings), however we
show by examples that the class of ngeneralized p.q.-Baer rings properly extends the
aforementioned classes.

By the following example, there is an abelian p.g.-Baer (hence semiprime) ringRr,
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which is not reduced, but s, is an abelian ngeneralized right p.g.-Baer ring that is not

semiprime.

Example 3.1. By Zalesskii and Nerodavskii [10, Example 14.17, p.179], there is a
simple noetherian ring R that is not a domain and in which 0 and 1 are the only
idempotents. Thus R is an abelian p.q.-Baer ring that is neither left nor right p.p, and
hence is not reduced. By [7, Proposition 1.17] Rissemiprime and by Theorem 2.1, s, is

abelian n-generalized p.q.-Bagr, that is not semiprime and hence is not right p.q.- Baer.

Example 3.2. If R is an abelian p.g-Baer ring, then R[x]/ < x® > is an rgeneralized
p.q.-Baer ring.
Proof. First we notethat © : T — R[x]/ < x® > defined by
(ag,a1,8)) — @ +ax +ax? )+ <x3 >
isan isomorphism, where T = {(@b,c) | a,b ¢ € R} isaring with addition componentwise
and the multiplication defined by
@q,b1,c1)850,,0) = @@z,a00 +bja, ac, +bib, +ciay).

Let J beanideal of T . Supposel ={a €R |(a,b,0) € J}, itisclear that | isan ided
ofR. Since R is p.g-Baer, rr()=eRfor an idempotente c R. We can show
that r(3°%) = ,0,0)T , and hence, the result follows.

There exists acommutative n -generalized p.q.-Baer (hence n -generalized p.p.-) ringR,

over which s, isnot an n-generalized p.p.-ring.

Example 3.3. Let p =3 be aprimeinteger and z. be the ring of integers modulo p®,
and s; be defined overz ;. LetA = pl; +ei3, where 15 is the identity matrix and e;;
denote the matrix units. It is clear that pl; + g3 +ey, €1, (A*) and idempotents of S,
are 13 and 0. Hence r5,(A%) = 13S; andthat S; isnot 3 -generalized p.p.-ring, but Z; is

a 3 -generaized p.p.-ring.

Example 3.4. For every abelian quasi-Bagr (resp. p.p.-) ringR, by Theorems 2.1 and
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2.2, thering s, is ngeneralized right p.g.-Baer, which is not right p.q.-Baer. Therefore
we are able to provide examples of ngeneralized right p.q.-Baer rings that is not right
p.q.-Baer:

Let F beafield, and R = F[x] be the polynomial ring where x is an indeterminate.

Then s, isangeneralized right p.q.-Baer ring that is not right p.q.-Baer.
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